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Non-Hermiticity can vary the topology of system, induce topological phase transition, and even
invalidate the conventional bulk-boundary correspondence. Here, we show the introducing of non-
Hermiticity without affecting the topological properties of the original chiral symmetric Hermitian
systems. Conventional bulk-boundary correspondence holds, topological phase transition and the
(non)existence of edge states are unchanged even though the energy bands are inseparable due to
non-Hermitian phase transition. Chern number for energy bands of the generalized non-Hermitian
system in two dimension is proved to be unchanged and favorably coincides with the simulated topo-
logical charge pumping. Our findings provide insights into the interplay between non-Hermiticity
and topology. Topological phase transition independent of non-Hermitian phase transition is a
unique feature that beneficial for future applications of non-Hermitian topological materials.
Introduction.—Parity-time (PT ) symmetry stimulates
the development of non-Hermitian physics [1–8]. Non-
Hermitian systems [9–11] exhibit many intriguing fea-
tures and applications that not limited to power oscil-
lation [12, 13], coherent perfect absorption [14], unidi-
rectionality behaviors [15–19], single-mode laser [20, 21],
robust energy transfer [22, 23], and exceptional point
(EP) enhanced sensing [24–27] due to its nonorthogo-
nal eigenstates and the exotic topology of EPs [28–33].
The scope of topological phase of matter has also been
extended to non-Hermitian region [34–51] and stimulates
several interesting discussions on PT -symmetric topolog-
ical interface states [52–63], non-Hermitian bands theory
[64, 65], topological invariants [65–72], EP lines and sur-
faces [72–75], semimetals [76–82], high-order topological
phases [83–87], and symmetry protected non-Hermitian
topological phases [68, 88–90]. Topological classifica-
tion are discussed for general non-Hermitian systems [91–
94], for non-Hermitian systems with reflection symmetry
[95], and alteratively classified by the geometric features
of singularity ring [96]. The non-Hermiticity and non-
Abelian gauge potentials can create interesting topologi-
cal phases [97]. The robust and efficient topological edge
state lasing is an interesting application of non-Hermitian
topological systems [98–103].
Topological invariant constructed from the bulk sys-
tem predicts the topological phase transition and the
(non)existence of edge states in the system under open
boundary condition [104], this is referred to as the
conventional bulk-boundary correspondence (CBBC). In
certain non-Hermitian topological systems, the bulk
topology fails to predict the edge states and topological
phase transition in systems under open boundary con-
dition [105–109]; nevertheless, the exotic bulk-boundary
correspondences have been reported [91, 110–113]. A
non-Bloch bulk Hamiltonian is constructed to resolve
this issue [110]; alternatively, topological invariant is es-
tablished from the biorthogonal edge modes [86, 112].
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Furthermore, chiral inversion symmetry is uncovered to
protect the CBBC in non-Hermitian topological sys-
tems [114], and the CBBC and the skin modes are elu-
cidated in the viewpoint of non-Hermitian Aharonov-
Bohm effect; alternatively, they are elucidated from a
transfer matrix perspective [115] and the Green’s func-
tion method [116]. Besides, the non-Hermiticity can
solely induce topological phase, which has been demon-
strated in trivial Hermitian systems associated with stag-
gered gain and loss [117], asymmetric coupling ampli-
tude [114], and imaginary coupling [92], respectively.
Therefore, the non-Hermiticity can alter the topology
of system, induce topological phase transition, and even
ruin the CBBC; in contrast to the topology changed
by non-Hermiticity, retaining the topology of Hermitian
system in the non-Hermitian generalization is a critical
and meaningful challenge for non-Hermitian topological
phase of matter.
In this work, we systematically elucidate the introduc-
ing of non-Hermiticity without altering the topological
phase transition in the original chiral symmetric Her-
mitian system; the proposed non-Hermitian topological
system holds the CBBC and shares identical topological
properties including the (non)existence of topologically
protected edge states with their parent Hermitian sys-
tem, even though the energy bands are deformed into
the complex domain and inseparable. The complete set
of eigenstates of the non-Hermitian system is exactly
mapped from the eigenstates of the original Hermitian
system by a set of local transformations; the mapping al-
lows direct projections of their geometric quantities. In
the non-Hermitian generalization, five symmetry classes
with chiral symmetry are mapped to the other five sym-
metry classes without chiral symmetry, respectively; the
Chern number in two dimension (2D) is proved to be
unchanged, and the numerically simulated topological
charge pumping favorably agrees with the Chern num-
ber.
Mapping the topology.—Chiral symmetric systems can
be written in the block off-diagonal form [118]
H =
(
0 D
D† 0
)
, (1)
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2where we consider D as an arbitrary n× n matrix. The
basis in H can be any degree of freedom, such as the real
space coordinate, spin, or other orthogonal complete set.
H is referred to as the original Hermitian Hamiltonian,
from which a non-Hermitian Hamiltonian H is created
H = H + iγσz ⊗ In, (2)
where σz is the Pauli matrix, and In denotes the n × n
identity matrix. The non-Hermitian term iγ in H does
not only play the role of on-site potential, but also the
non-Hermitian hopping with asymmetric amplitudes in
the real space. For chiral symmetric systems not in the
bipartite lattice form, taken the Creutz ladder as an il-
lustration [105], the gain and loss introduced in the block
off-diagonal form of H [Eq. (1)] are equivalent to intro-
ducing asymmetric couplings in the ladder legs [114]. In
addition, introducing non-Hermiticity breaks the chiral
symmetry.
Equation (2) provides a way of non-Hermitian gener-
alization without altering the topological phase transi-
tion in original Hermitian systems. To characterize the
topological properties, we consider the HamiltonianH(k)
in the momentum space, which is the core matrix of a
Bloch or a BdG system [118]. k is the momentum and
all the information of the topological system is encoded
in H(k). The Schro¨dinger equation is H(k) |φρλ(k)〉 =
ερλ(k) |φρλ(k)〉 and H(k) |ϕρλ(k)〉 = ρλ(k) |ϕρλ(k)〉, where
ρ = ± represents the upper or lower energy band, and
λ ∈ [1, l] denotes the band index, assuming the total
number of energy bands 2l. The eigenenergy of H(k) is
ρλ (k) = ρ[ε
ρ
λ (k)
2 − γ2]1/2. (3)
The energy is either real or imaginary. The eigenstate of
H(k) for eigenenergy ρλ(k) is obtained through a map-
ping (see Appendix A)
|ϕρλ(k)〉 = Mρλ(k, γ) |φρλ(k)〉 . (4)
with the mapping matrix
Mρλ(k, γ) =
(
aρλ (k, γ) In 0
0 In
)
, (5)
where aρλ (k, γ) = [
ρ
λ(k) + iγ]/ε
ρ
λ(k) is a unit modulus
complex number for real ρλ (k), and |aρλ (k, γ)| 6= 1 for
imaginary ρλ (k). The mapping M
ρ
λ(k,γ) acts as a local
transformation, which is essential for the inheritance of
topological features from the original Hermitian system
in the non-Hermitian generalization.
Bulk-boundary correspondence.—CBBC does not al-
ways hold in non-Hermitian topological systems [91, 105,
106, 109–111], where effective imaginary gauge field in-
duces a non-Hermitian Aharonov-Bohm effect that inval-
idates the CBBC [81, 108, 110, 114]. Considering a bi-
partite lattice Hamiltonian [119], the gain and loss are re-
spectively introduced in two sublattices for the proposed
manner [Eq. (2)]. H is a 2n-site non-Hermitian lattice
constituted by n coupled PT -symmetric dimers. Apply-
ing a unitary transformation, the intra dimer coupling J
associated with the gain and loss γ in a PT -symmetric
dimer changes into the asymmetric intra dimer couplings
J ± γ (see Appendix B), which appears as inter sublat-
tice couplings; and the effective imaginary gauge field
is absent along the translational invariant direction of
the sublattice, the non-Hermitian Aharonov-Bohm effect
does not occur, and the CBBC holds.
Alternatively, the validity of CBBC can be straightfor-
wardly understood from the mapping between the orig-
inal Hermitian topological system and the generalized
non-Hermitian topological system. Although the energy
bands are tightened [Eq. (3)] after introduced the non-
Hermiticity, the band structures and their topologies are
unchanged. The mapping matrix [Eq. (5)] retains the
profile of the eigenstates; the Dirac probability distribu-
tion of the eigenstates inside each sublattice is unchanged
after mapping [Eq. (4)]. The CBBC is valid for the non-
Hermitian system H and does not require the symmetry
protection, this differs from that in Ref. [114].
Mapping of symmetry classes.—In the ten Altland-
Zirnbauer classes [120], topological systems with chi-
ral symmetry include five symmetry classes and satisfy
SH(k)S−1 = −H(k) [118], where the chiral operator is
S = σz ⊗ In= S−1. The symmetry class AIII does not
have additional discrete symmetries, only a combined
time-reversal (T ) and particle-hole (C) symmetry S =
T C is present. The symmetry classes BDI, CII, CI, and
DIII have additional time-reversal and particle-hole sym-
metries under T H(−k)T −1 = H(k) and CH(−k)C−1 =
−H(k). After introducing the non-Hermiticity, the chiral
symmetry vanishes in non-Hermitian topological systems
H(k) = H(k) + iγσz ⊗ In.
From S = T C, we obtain T −1 = CS−1 = CS.
Then we have T (iγS) T −1 = −iγT (T C) (CS) =
−iγT 2C2S. From T = SC−1, we obtain C (iγS) C−1 =
−iγCT 2T −1 = −iγT 2C (CS) = −iγT 2C2S. Thus under
the action of time-reversal and particle-hole operators,
the non-Hermitian term iγ(σz ⊗ In) = iγS satisfies
T (iγS)T −1 = C(iγS)C−1 = −iγT 2C2S. (6)
After the non-Hermitian generalization, the symmetry
class AIII H(k) changes to symmetry class A H(k). The
chiral orthogonal (BDI) class has T 2C2S = (+1) (+1)S.
Thus,
T H(k)T −1 = H(−k)− iγ(σz ⊗ In) 6= H(−k), (7)
but
CH(k)C−1 = −H(−k)− iγ(σz ⊗ In) = −H(−k). (8)
The time-reversal symmetry breaks, but the particle-hole
symmetry holds for the non-Hermitian topological sys-
tems; the symmetry class BDI is mapped to the sym-
metry class D. The chiral symplectic (CII) class has
T 2C2S = (−1) (−1)S; similarly, only the particle-hole
3symmetry holds CH(−k)C−1 = −H(k) and the symme-
try class CII is mapped to the symmetry class C. For
the other two symmetry classes with chiral symmetry,
the symmetry class CI has T 2C2S = (+1) (−1)S and
the symmetry class DIII has T 2C2S = (−1) (+1)S; both
two classes satisfy
T H(k)T −1 = H(−k) + iγ(σz ⊗ In) = H(−k), (9)
but
CH(k)C−1 = −H(−k) + iγ(σz ⊗ In) 6= −H(−k). (10)
The time-reversal symmetry holds, but the particle-
hole symmetry breaks in the non-Hermitian generaliza-
tion. The mappings of symmetry classes are CI → AI
and DIII → AII. In summary, the introduced non-
Hermiticity breaks the chiral symmetry and one of the
time-reversal and particle-hole symmetries; the five sym-
metry classes with chiral symmetry shift to the other five
symmetry classes without chiral symmetry
AIII→ A,BDI→ D,CII→ C,CI→ AI,DIII→ AII.
(11)
Chern number in 2D systems.—Considering a 2D topo-
logical system, the (first) Chern numbers for each band of
the two Hamiltonians H(k) and H(k) are exactly identi-
cal. In the absence of EPs, the energy bands are sep-
arable, the four types of Chern numbers defined un-
der the right and left eigenstates of H(k) are identi-
cal [51, 65] (see Appendix C). For separable bands of
the Hermitian Hamiltonian, the bands of non-Hermitian
Hamiltonian are “separable” in practice even if the en-
ergy bands merge in the presence of EPs. To see that
the Chern number is a topological invariant and does
not change in the mapping, we employ the conven-
tional definition; unlike the lack of biorthonormal ba-
sis at EPs [121], whose biorthonormal probability van-
ishes at the exceptional point k for certain bands, the
Berry connections Aρλ = i 〈φρλ(k)| ∇k |φρλ(k)〉 for H(k)
and
−→Aρλ = i 〈ϕρλ(k)| ∇k |ϕρλ(k)〉 for H(k) based on the
right eigenstates are always well-defined. The nabla op-
erator is ∇k = (∂kx , ∂ky ).
Direct derivation yields
−→Aρλ = Aρλ − (1/2)∇kϑ [
−→Aρλ =
Aρλ+
〈
φ−ρλ (k)
∣∣ i∇k |φρλ(k)〉 ρλ(k)/ (iγ)] for real (imagi-
nary) spectrum, in which ϑ = arctan[γ/ρλ(k)]; the rela-
tion is gauge dependent (see Appendix C), however, the
Berry curvatures are gauge independent Bρλ = ∇k ×Aρλ,−→B ρλ = ∇k×
−→Aρλ, and obey Bρλ =
−→B ρλ (Bρλ 6=
−→B ρλ) for real
(imaginary) spectrum; and the contribution of the later
term in
−→Aρλ for the Chern number cρλ is zero,
cρλ =
1
2pi
∮
Bρλd
2k =
1
2pi
∮ −→B ρλd2k. (12)
This is referred to as the topological invariant mapping.
Notably, the mapping Eq. (4) is directly applicable to
the edge states. These conclusions are not relevant to
the reality of energy bands and the presence of EPs. The
Chern numbers for each energy band of both systems are
identical even if the bands merge in the presence of EPs
(see Appendix C).
Ultracold atomic gases [122, 123], acoustic lattices
[124, 125], electrical circuits [126–128], and various mi-
crowave, optical, and photonic systems [129–131] have
became fertile platforms for studying topological phase
of matter. Through introducing additional losses, passive
non-Hermitian topological systems are created [74, 75];
the properties of PT -symmetric systems with balanced
gain and loss are exacted from the passive systems
by shifting a common loss rate. Nowadays, the non-
Hermitian topological systems are experimentally real-
ized via sticking absorbers in the dielectric resonator ar-
ray [53], cutting the waveguides in coupled optical waveg-
uide lattice [75], and fabricating the radiative loss in open
systems of photonic crystals [54, 74]. Active elements
are required to realize robust topological edge state las-
ing [98–103], where external pumping is implemented to
acquire the gain. The prototypical non-Hermitian topo-
logical system is the 1D complex Su–Schrieffer–Heeger
(SSH) model [52]; here we consider a simple extension
to interpret the Chern number in the non-Hermitian
generalization from the viewpoint of topological charge
pumping. Figure 1(a) shows the 1D comb lattice formed
via staggered side-coupled additional sites to the inten-
sively investigated complex SSH lattice in experiment
[44, 53, 54, 99–101, 132].
Topological charge pumping.—In the momentum space,
the core matrix is
H (k) =
 0 0 µk κ+0 0 κ− 0µ−k κ− 0 0
κ+ 0 0 0
 , (13)
where µk = J(1−δ)+J(1+δ)eik and the system param-
eters are δ = δ0 +R cos θ and κ± = κ0± (1/2)R sin θ (set
κ ≡ κ+ − κ− = R sin θ), forming a loop L with radius
R(> 0) in the parameter space. The core matrix of the
non-Hermitian generalization H (k) gives
H(k) = H(k) + iγσz ⊗ I2. (14)
H(k) belongs to symmetry class BDI, and H(k) belongs
to symmetry class D only with the particle-hole symme-
try, CH(k)C−1 = −H(−k), where C = (σz ⊗ I2)K, I2 is
the 2 × 2 identity matrix, and K is the complex conju-
gation. Eigenstates {|ϕρλ(k)〉, |ηρλ(k)〉} for {H(k),H†(k)}
are obtained from the eigenstates of H(k) through map-
ping (see Appendix D). The corresponding energy for
eigenstate |ϕρλ(k)〉 is ρλ = ρ[Υk+λ(Υ2k−κ2+κ2−)1/2−γ2]1/2
with Υk = (|µk|2 + κ2+ + κ2−)/2 and ρ, λ = ±.
For nonzero κ+κ− in Hermitian H(k), this four-band
model can be regarded as two identical Rice-Mele mod-
els [133]. The topological features of the Rice-Mele model
retain in the non-Hermitian generalization. The Chern
number cρλ has a precise physical meaning: the quantum
particle transport for the energy band (ρ, λ) over an en-
closed adiabatic passage along a closed cycle [134]. cρλ
4FIG. 1. (a) Schematic of the comb lattice. Numerical sim-
ulations of QN (t) for the band (ρ, λ) = (−,−) in two quasi-
adiabatic processes (insets) of (b) δ0 = 0 and (c) δ0 = 1 at
γ = 0.5, ω = 10−3, and T = 2pi/ω. Real (imaginary) part of
QN (t) is in black (red); the corresponding jN (t) is shown in
Appendix E.
equals to the winding number of loop around the band
touching point (δ, κ) = (0, 0) in the parameter space.
The biorthonormal current [60, 135] across sites aN
and bN−1 is
jN (t) = −i
N∑
m=1
〈ηm(t)|{J [1−δ(t)]a†NbN−1−H.c.}|ϕm(t)〉,
(15)
where m is the number of energy levels in the con-
cerned energy band for the 4N size system with pe-
riodic boundary condition. The parameters vary as
θ = ωt in the numerical simulation under a quasi-
adiabatic process, where the speed of time evolution
ω  1, and t varies from 0 to a period of T =
2piω−1. To demonstrate a quasi-adiabatic process, we
keep f (t) = |〈η¯m(t) |ϕm(t)〉| → 1 during the whole
process by taking sufficient small ω, where |η¯m (t)〉 is
the corresponding instantaneous eigenstate of H† (t).
For the given initial eigenstates |ϕm(0)〉 = |ϕ−−,m〉
and |ηm(0)〉 = |η−−,m〉, the time evolved states are
|ϕm(t)〉 = Tt exp[−i
∫ t
0
H(t′)dt′] |ϕm(0)〉 and |ηm(t)〉 =
Tt exp[−i
∫ t
0
H†(t′)dt′] |ηm(0)〉, where Tt is the time or-
dering operator and H (t) is the Hamiltonian in the real
space. The accumulated charge pumping [69, 133] pass-
ing the dimer aNbN−1 during the interval t is
QN (t) =
∫ t
0
jN (t
′)dt′. (16)
The topological charge pumping favorably agrees with
the Chern number c−− = 1 [Fig. 1(b)] in the nontrivial
phase or c−− = 0 [Fig. 1(c)] in the trivial phase for real
energy band as that in the Hermitian topological systems
[136–138]. For imaginary energy band without EPs, the
amplitude of evolved states |ηm(t)〉 and |ϕm(t)〉 exponen-
tially increase (or decrease); performing the quantization
FIG. 2. Energy bands of the edge Hamiltonian for δ0 = 0
at (a) γ = 1.0 and (b) γ = 2.8, the real (imaginary) part is
in black (red), the blue dots are EPs. Other parameters are
J = 1, κ0 = 2, R = 0.6, and N = 10.
of transport in a counterpart Hamiltonian H′(k) = iH(k)
with corresponding real energy band is feasible to ver-
ify the Chern number and the topological properties of
imaginary energy band of H(k), since H′(k) has identical
topology and eigenstate with H(k).
Alternatively, the topological charge pumping can be
retrieved from the dynamical evolution of edge states in
the edge Hamiltonian Hedge (see Appendix E), which is
generated by truncating a coupling J(1 + δ) at the lat-
tice boundary of the bulk HamiltonianH in the real space
[Fig. 1(a)]. Hedge and Hedge meet the condition of map-
ping since Eq. (2) still holds. Two pairs of edge states
exist
|ϕ±R〉 =
1√
Ω
N∑
j=1
ςN−j(e±iϑRa†2j ± b†2j) |vac〉 , (17)
|ϕ±L 〉 =
1√
Ω
N∑
j=1
ςj−1(e±iϑLa†2j−1 ± b†2j−1) |vac〉 , (18)
associated with the energies ±R = ±(κ2+−γ2)1/2 and ±L =
±(κ2− − γ2)1/2, respectively; where ς = (δ − 1)/(δ + 1),
Ω = 2(1 − ς2N )/(1 − ς2), e±iϑR = (+R ± iγ)/κ+ and
e±iϑL = (+L ± iγ)/κ−. The explicit expressions of edge
states reveal a fact that the mapping matrix only changes
the local phase or amplitude. For real ±R/L, the edge state
profiles are independent of γ and κ± similar as that in
Hermitian [134] and non-Hermitian [69] Rice-Mele mod-
els; for imaginary ±R/L, the probability becomes dense in
the sublattice with gain (loss) for |ϕ+R/L〉 (|ϕ−R/L〉) [11].
The topological charge pumping of an edge state for a
loop L in the κ-δ plane equals to the Chern number [139]
(see Appendix E). The energy bands are gapped and real
at γ = 0; as γ increasing, imaginary energy levels appear
and non-Hermitian phase transition occurs. In Figs. 2(a)
and 2(b), the energy bands are depicted at weak and
strong γ, respectively. The not shown imaginary part for
real band is zero and vice versa. The edge states retain
although energy bands become imaginary. Recently, we
notice an experimental work that reported the existence
of topological edge states in both unbroken and broken
PT -symmetric phases [140].
5Discussion and conclusion.—For chiral symmetric sys-
tems not in the form of a bipartite lattice [105], we can
first apply a unitary transformation to get the block
off-diagonal form Hamiltonian [Eq. (1)]; then, introduce
the non-Hermiticity [Eq. (2)]; after the inversion unitary
transformation, a non-Hermitian system possessing iden-
tical topology to the chiral symmetric Hermitian system
is generated. Notably, the mapping theory is applica-
ble for H(q) instead of the core matrix H(k), where q
is a set of periodic parameters instead of the momen-
tum k. In addition to the gapped topological systems,
the non-Hermitian generalizations are applicable for gap-
less topological systems [44, 141–145]. After introducing
the non-Hermiticity in the proposed manner, the gap-
less degeneracy points may change into pairs of EPs, EP
rings, or EP surfaces [35, 47, 54, 75]; although the non-
Hermitian phase transition occurs, the topology remains
unchanged and can be characterized by winding number
as indicated in Refs. [47, 51, 72].
Our findings provide insights into the interplay be-
tween non-Hermiticity and topology. In contrast to
the topological phase transition induced by the non-
Hermiticity, we propose the non-Hermitian generaliza-
tion that completely retains the topological phase tran-
sition and the (non)existence of edge states in the orig-
inal chiral symmetric Hermitian systems; and the non-
Hermitian phase transition does not alter or destroy
the original topology. This dramatically differs from
the non-Hermiticity induced topological phase transi-
tion [92, 117], differs from the breakdown of CBBC in-
duced by gain and loss or non-Hermitian asymmetric cou-
pling [82, 91, 105–112]; and differs from the situation that
the strong non-Hermiticity destroys the topological edge
states due to the non-Hermitian phase transition asso-
ciated with the appearance of band touching EPs [114].
The topological phase transition and the non-Hermitian
phase transition are independent and separately control-
lable. This unique feature is valuable for the explorations
of novel non-Hermitian topological phases and topologi-
cally protected edge state lasing.
Acknowledgment.—This work was supported by Na-
tional Natural Science Foundation of China (Grants
No. 11874225 and No. 11605094).
APPENDIX
A. Mapping matrix
The Schro¨dinger equation for the original Hermi-
tian Hamiltonian H(k) is H(k) |φρλ(k)〉 = ερλ(k) |φρλ(k)〉.
H(k) is the parent Hamiltonian in the non-Hermitian
generalization, and has the chiral symmetry,
H(k) =
(
0 D(k)
D†(k) 0
)
, (A1)
where we consider D(k) as an arbitrary n× n matrix.
The eigenstates of H(k) = H(k) + iγ (σz ⊗ In) are
|ϕρλ(k)〉 = Mρλ (k,γ) |φρλ(k)〉 , (A2)
with eigenvalues
ρλ(k) = ρ
√
[ερλ (k)]
2 − γ2, (A3)
where the mapping matrix has the form
Mρλ (k,γ) =
(
aρλ (k,γ) In 0
0 In
)
, (A4)
and aρλ (k,γ) = [
ρ
λ (k) + iγ] /ε
ρ
λ (k) fulfills |aρλ (k,γ)| = 1
for real ρλ (k) and is pure imaginary for imaginary 
ρ
λ (k).
For real ρλ (k), the factor a
ρ
λ (k,γ) can be written in the
form of aρλ (k,γ) = e
iϑ, with ϑ = arctan [γ/ρλ (k)].
Notice that,
H (k)Mρλ (k,γ) =
(
In 0
0 aρλ (k,γ) In
)
H (k) , (A5)
we have H (k) |ϕρλ (k)〉 = [H (k)Mρλ (k,γ)] |φρλ (k)〉, then,
H (k) |ϕρλ (k)〉
= ερλ (k)
(
In 0
0 aρλ (k,γ) In
)
|φρλ (k)〉 (A6)
= ερλ (k)
(
[aρλ (k,γ)]
−1
In 0
0 aρλ (k,γ) In
)
|ϕρλ (k)〉 ,
therefore, we obtain
H (k) |ϕρλ (k)〉 = [H (k) + iγσz ⊗ In] |ϕρλ (k)〉
=
(
{ερλ (k) [aρλ (k,γ)]−1 + iγ}In 0
0 [ερλ (k) a
ρ
λ (k,γ)− iγ] In
)
|ϕρλ (k)〉 . (A7)
6From aρλ (k,γ) = [
ρ
λ (k) + iγ] /ε
ρ
λ (k) and 
ρ
λ(k) =
ρ
√
[ερλ (k)]
2 − γ2, we have ερλ (k) [aρλ (k,γ)]−1 + iγ =
ερλ (k) a
ρ
λ (k,γ)− iγ = ρλ (k). Thus,
H (k) |ϕρλ (k)〉 = ρλ (k) |ϕρλ (k)〉 . (A8)
In parallel, the eigenstate of H† (k) is given by |ηρλ (k)〉 =
[Mρλ (k,γ)]
† |φρλ (k)〉 with eigenvalue [ρλ (k)]∗.
B. Unitary transformation
Figure B1(a) depicts a one-dimensional (1D) bipartite
lattice. The lines are the couplings between sublattices
A and B. Each pair of upper and lower sites constitute
a dimer. For a dimer with coupling J and balanced gain
and loss ±iγ, the dimer is PT -symmetric described by
Jσx + iγσz. Applying a unitary transformation
U = (I2 + iσx) /
√
2, (B1)
we obtain a non-Hermitian dimer with asymmetric cou-
plings J ± γ in the form of
U (Jσx + iγσz)U
−1 = Jσx + iγσy. (B2)
Similarly, the lattice in Figure B1(a) changes into the
lattice in Figure B1(b) with asymmetric inter sublattice
couplings. The gain and loss change into asymmetric
intra dimer couplings (vertical arrows); the inter dimer
couplings (slant lines) change to the Hermitian couplings
including the inter sublattice reciprocal cross-stitch cou-
plings, and the intra sublattice nonreciprocal couplings
with symmetric amplitude (horizontal arrows). The non-
reciprocal couplings vanish if inter sublattice couplings
in the Hermitian system H are symmetric (the situation
that the dashed and solid slant lines are identical). The
imaginary gauge field is created at Jγ 6= 0 along the
vertical direction, but not along the horizontal direction
(translational invariant direction); thus, non-Hermitian
AB effect is absent and the bulk-boundary correspon-
dence is valid. The conclusion is applicable in a general
situation for systems with nonreciprocal couplings and
for higher dimensional bipartite lattices.
In a general case, the topological system may have
complex coupling. For a nonreciprocal coupling Je±iφ
with Peierls phase e±iφ and coupling amplitude J , the
PT -symmetric dimer changes to
U
(
iγ Je−iφ
Jeiφ −iγ
)
U−1
=
(
0 e−iφ (J + γ)
eiφ (J − γ) 0
)
, (B3)
where the coupling with symmetric amplitude is changed
into coupling with asymmetric amplitude J+γ and J−γ
associated with nonreciprocal Peierls phase e−iφ and eiφ,
respectively. The unitary transformation U applied is
U =
1√
2
(
1 ie−iφ
ieiφ 1
)
. (B4)
In two-dimensional topological systems with chiral
symmetry, for instance, a two layer system with inter
layer couplings as shown in Figure B1(c), which is a typ-
ical bipartite lattice. The non-Hermitian extension is to
introduce gain and loss in the upper and lower layers, re-
spectively. Then, the unitary transformation U applied
to each corresponding upper and lower sites yields a new
two layer lattice as shown in Figure B1(d), the asym-
metric couplings only exist between the new two layers
(sublattices) after unitary transformation. For higher di-
mensional systems, the asymmetric couplings still only
exist between the two new sublattices after the unitary
transformation, which is similar as the one-dimensional
and two-dimensional cases. Thus, the nonzero Aharonov-
Bohm effect is absent in any translational direction of the
topological systems, and the conventional bulk-boundary
correspondence holds in the non-Hermitian generaliza-
tion. The conclusion coincides with that of the mapping
theory.
C. Mapping of geometric phase and Chern number
In this section, we show that the Berry connection,
Berry curvature and Chern number of the non-Hermitian
Hamiltonian in the momentum space H(k) = H(k) +
iγ (σz ⊗ In) can be mapped from the Hermitian Hamil-
tonian H(k) with chiral symmetry by using the mapping
matrix. We prove that two topological systems H(k) and
H(k) share an identical Chern number, although their
Berry connection and Berry curvature are different. The
conclusion is independent of the presence of exceptional
points (EPs) in the energy bands.
For the chiral symmetric system H(k), we have
SH(k)S−1 = −H(k), (C1)
with S = (σz ⊗ In). Then, from H(k) |φρλ(k)〉 =
ερλ(k) |φρλ(k)〉, we have SH(k)S−1S |φρλ(k)〉 =
ερλ(k)S |φρλ(k)〉, which gives H(k) [S |φρλ(k)〉] =−ερλ(k) [S |φρλ(k)〉]. Thus,∣∣φ−ρλ (k)〉 = S |φρλ(k)〉 , (C2)
is the eigenstate for energy ε−ρλ (k) = −ερλ(k).
We introduce the conventional Berry connection and
Berry curvature, which are called the RR Berry connec-
tion and Berry curvature [65]. The RR Berry connection
for non-Hermitian system H(k) is(−→Aρλ)
RR
= i 〈ϕρλ(k)| ∇k |ϕρλ(k)〉 , (C3)
in which
|ϕρλ(k)〉 = Mρλ(k, γ) |φρλ(k)〉 , (C4)
and the normalization condition is satisfied,
〈ϕρλ(k) |ϕρλ(k)〉 = 1 under the mapping matrix
Mρλ(k, γ) = Π
ρ
λ(k, γ)
(
aρλ(k, γ)In 0
0 In
)
, (C5)
7FIG. B1. (a) [(c)] Schematic of a bipartite lattice in 1D (2D), the non-Hermitian gain and loss are introduced in the sublattices
A and B, respectively. (b) [(d)] Schematic of the equivalent lattice of (a) [(c)], the double arrows indicate the asymmetric
couplings. For the sake of clarity, the long range couplings in the 2D lattices are not shown in the schematics.
with Πρλ(k, γ) = 1 (Π
ρ
λ(k, γ) =
√
2/{1− [aρλ(k, γ)]2}) for
real (imaginary) ρλ(k) to guarantee the normalization
condition. Then the RR Berry connection can be written
as (−→Aρλ)
RR
= i 〈φρλ(k)| [Mρλ(k, γ)]†∇k [Mρλ(k, γ) |φρλ(k)〉]
= i 〈φρλ(k)| [Mρλ(k, γ)]†Mρλ(k, γ)∇k |φρλ(k)〉
+i 〈φρλ(k)| [Mρλ(k, γ)]† [∇kMρλ(k, γ)] |φρλ(k)〉 .(C6)
For real ρλ(k), we have a
ρ
λ(k, γ) = e
iϑ with ϑ =
arctan [γ/ρλ (k)]; then
[Mρλ(k, γ)]
†
Mρλ(k, γ)
=
(
e−iϑIn 0
0 In
)(
eiϑIn 0
0 In
)
= I2n, (C7)
and
[Mρλ(k, γ)]
†∇kMρλ(k, γ)
=
(
e−iϑIn 0
0 In
)
∇k
(
eiϑIn 0
0 In
)
=
(
In 0
0 0
)
i∇kϑ. (C8)
Thus, the RR Berry connection is
(−→Aρλ)
RR
= Aρλ −
1
2
∇kϑ, (C9)
with Aρλ = i 〈φρλ(k)| ∇k |φρλ(k)〉 being the Berry connec-
tion of the Hermitian system H (k).
For imaginary ρλ(k), we have [a
ρ
λ (k,γ)]
∗ = −aρλ (k,γ),
[Mρλ(k, γ)]
†
Mρλ(k, γ)i∇k − I2ni∇k
=
1 + [aρλ(k, γ)]
2
[aρλ(k, γ)]
2 − 1
(
In 0
0 −In
)
i∇k
=
ρλ(k)
iγ
Si∇k, (C10)
and
[Mρλ(γ,k)]
†
[∇kMρλ(γ,k)] = [Πρλ(k, γ)]∗
(
[aρλ(k, γ)]
∗
In 0
0 In
)
∇k
(
aρλ(k, γ)Π
ρ
λ(k, γ)In 0
0 Πρλ(k, γ)In
)
= −1
2
aρλ(k, γ) [Π
ρ
λ(k, γ)]
4
[∇kaρλ(k, γ)]S. (C11)
Then, the RR Berry connection(−→Aρλ)
RR
= i 〈φρλ(k)| ∇k |φρλ(k)〉+
ρλ(k)
iγ
〈
φ−ρλ (k)
∣∣∇k |φρλ(k)〉 − 12 iaρλ(k, γ) [Πρλ(k, γ)]4 [∇kaρλ( k, γ)] 〈φρλ(k) ∣∣φ−ρλ (k)〉
= Aρλ +
ρλ(k)
iγ
〈
φ−ρλ (k)
∣∣∇k |φρλ(k)〉 . (C12)
The definition of RR Berry connection is independent of the biorthonormal basis. Although the eigenstates
8|ϕρλ(k)〉EP and
∣∣ϕ−ρλ (k)〉EP coalesce at EPs and the
biorthonormal basis is absent, the RR Berry connection
can still be defined. At EPs, the energy is ρλ(k)
EP = 0,
and the mapping matrix has a simple form
[Mρλ(k, γ)]
EP
=
(
iρIn 0
0 In
)
. (C13)
Direct derivation shows that the RR Berry connection at
EPs is
(−→Aρλ)EP
RR
= i 〈φρλ(k)| ∇k |φρλ( k)〉 = Aρλ.
In conclusion, we have
(−→Aρλ)
RR
=
 A
ρ
λ − 12∇kϑ, real ρλ(k)
Aρλ + [N
ρ
λ(k)]RR , imaginary 
ρ
λ(k)
Aρλ, at EPs
,
(C14)
where [Nρλ(k)]RR = 
ρ
λ(k)
〈
φ−ρλ (k)
∣∣∇k |φρλ(k)〉 /(iγ).
The RR Berry connection
(−→Aρλ)
RR
is gauge depen-
dent. If we take the gauge transformation |ϕρλ(k)〉 →
eiχ(k) |ϕρλ(k)〉 with real χ (k), then we have an addi-
tional term i∇kχ (k) in
(−→Aρλ)
RR
. However,
(−→B ρλ)
RR
=
∇k ×
(−→Aρλ)
RR
is gauge independent.
For real ρλ(k), we have
(−→B ρλ)
RR
= ∇k ×
(−→Aρλ)
RR
=
∇k ×
(
Aρλ − 12∇kϑ
)
= ∇k × Aρλ = Bρλ. For imaginary
ρλ(k), the additional term ∇k × [Nρλ(k)]RR yields zero
integration over the Brillouin zone. We prove this as fol-
lows. Notice that the eigenstates |φρλ(k)〉 and
∣∣φ−ρλ (k)〉
can choose an identical gauge in the same region of the
Brillouin zone; it is because that the two eigenstates are
related through the chiral operator S, and they are or-
thogonal
〈
φ−ρλ (k) |φρλ(k)〉 = 0. If we take a gauge trans-
formation ∣∣φρλ(k)I〉 = eiχ(k) ∣∣φρλ(k)II〉 , (C15)
then, we have∣∣φ−ρλ (k)I〉 = S ∣∣φρλ(k)I〉 = Seiχ(k) ∣∣φρλ(k)II〉 (C16)
= eiχ(k)S ∣∣φρλ(k)II〉 = eiχ(k) ∣∣φ−ρλ (k)II〉 .
Unlike the Berry connection, term [Nρλ(k)]RR is gauge
independent[
Nρλ(k)
I
]
RR
= ρλ(k)
〈
φ−ρλ (k)
I
∣∣ i∇k ∣∣φρλ(k)I〉 / (iγ)
= ρλ(k)e
−iχ(k) 〈φ−ρλ (k)II∣∣ i∇k [eiχ(k) ∣∣φρλ(k)II〉] / (iγ)
= ρλ(k)e
−iχ(k)
[
i∇keiχ(k)
] 〈
φ−ρλ (k)
II
∣∣φρλ(k)II〉 / (iγ)
+ρλ( k)
〈
φ−ρλ (k)
II
∣∣ i∇k ∣∣φρλ(k)II〉 / (iγ)
=
[
Nρλ(k)
II
]
RR
. (C17)
One can use different gauges to define the eigenstate if the
eigenstate under one gauge is not well-defined in certain
regions of the Brillouin zone. We consider a case that the
eigenstate of the concerned energy band is well-defined
under gauge I in the region DI and under gauge II in
the rest region DII (the cases with more than two gauges
required can be similarly generalized). Applying Stokes
theorem, we have∮
BZ
∇k × [Nρλ(k)]RR d2k
=
∮
∂DI
[Nρλ(k)]
I
RR
dk+
∮
∂DII
[Nρλ(k)]
II
RR
dk
=
∮
∂DI
{
[Nρλ(k)]
I
RR
− [Nρλ(k)]IIRR
}
dk = 0. (C18)
The chiral symmetry of the Hermitian system H(k)
plays a crucial role to obtain the above conclusions, the
chiral symmetry makes term [Nρλ(k)]RR gauge indepen-
dent, thus, [Nρλ(k)]RR does not contribute to the Chern
number. Based on the above analysis, the RR Chern
number of the non-Hermitian system H(k) is exactly
identical to the Chern number of the Hermitian system
H(k), even though there exists EPs and the energy bands
are inseparable (the energy bands of the corresponding
Hermitian system are separable, and the Chern number
is well defined)
(cρλ)RR =
1
2pi
∮
BZ
(−→B ρλ)
RR
d2k
=
1
2pi
∮
BZ
Bρλd
2k. (C19)
Now, we discuss the LR Berry connection and Berry
curvature based on the biorthonormal basis [60]. |ϕρλ(k)〉
and |ηρλ(k)〉 are the eigenstates of H(k) and H†(k)
with eigenvalues ρλ(k) and [
ρ
λ(k)]
∗
, respectively. The
Schro¨dinger equations are
H (k) |ϕρλ(k)〉 = ρλ(k) |ϕρλ(k)〉 , (C20)
H† (k) |ηρλ(k)〉 = [ρλ(k)]∗ |ηρλ(k)〉 . (C21)
The eigenstates {|ϕρλ(k)〉 , |ηρλ(k)〉} can be mapped from
the eigenstates of the original Hermitian system H (k),
|ϕρλ(k)〉 = Mρλ(k, γ) |φρλ(k)〉 , (C22)
|ηρλ(k)〉 = [Mρλ(k, γ)]† |φρλ(k)〉 . (C23)
In the absence of EP, the mapping matrix can be written
as
Mρλ(k, γ) = Λ
ρ
λ( k, γ)
(
aρλ(k, γ)In 0
0 In
)
, (C24)
with Λρλ(k, γ) =
√
2/{1 + [aρλ(k, γ)]2} to guarantee the
biorthonormal normalization.
Based on the orthonormal relation 〈φρλ(k)|φρ
′
λ′(k
′)〉 =
δkk′δλλ′δρρ′ for the eigenstates of the original Hermitian
system, we have the biorthonormal relation
〈ηρλ(k)|ϕρ
′
λ′(k
′)〉 = δkk′δλλ′δρρ′ , (C25)
9for the left and right eigenstates of the non-Hermitian
system.
The Berry connection based on the left and right eigen-
states is defined as(−→Aρλ)
LR
= i 〈ηρλ(k)| ∇k |ϕρλ(k)〉 (C26)
= i 〈φρλ(k)|Mρλ(k, γ)∇k [Mρλ(k, γ) |φρλ(k)〉]
= i 〈φρλ(k)| [Mρλ(k, γ)]2∇k |φρλ(k)〉
+i 〈φρλ(k)|Mρλ( k, γ) [∇kMρλ(k, γ)] |φρλ(k)〉 ,
where
Mρλ(k, γ) [∇kMρλ(k, γ)] = Λρλ(k, γ)
(
aρλ(k, γ)In 0
0 In
)
∇k
(
aρλ(k, γ)Λ
ρ
λ(k, γ)In 0
0 Λρλ(k, γ)In
)
=
1
2
aρλ(k, γ) [Λ
ρ
λ(k, γ)]
4
[∇kaρλ(k, γ)]S, (C27)
and
[Mρλ(k, γ)]
2
i∇ k − I2ni∇k
=
[aρλ(k, γ)]
2 − 1
1 + [aρλ(k, γ)]
2
(
In 0
0 −In
)
i∇k
=
iγ
ρλ(k)
Si∇k. (C28)
Thus, the Berry connection is reduced to(−→Aρλ)
LR
= i 〈φρλ(k)| [Mρλ(k, γ)]2∇k |φρλ(k)〉
+ i 〈φρλ(k)|Mρλ( k, γ) [∇kMρλ(k, γ)] |φρλ(k)〉
= Aρλ +
iγ
ρλ(k)
〈
φ−ρλ (k)
∣∣ i∇k |φρλ(k)〉
+
1
2
iaρλ [Λ
ρ
λ(k, γ)]
4
[∇kaρλ(k, γ)]
〈
φ−ρλ (k) |φρλ(k)〉
= Aρλ + [N
ρ
λ(k)]LR , (C29)
where Aρλ = i 〈φρλ(k)| ∇k |φρλ(k)〉 is the Berry connection
for the original Hamiltonian H(k), and
[Nρλ(k)]LR = iγ
〈
φ−ρλ (k)
∣∣ i∇k |φρλ(k)〉 /ρλ(k). (C30)
The LR Berry connection
(−→Aρλ)
LR
is gauge depen-
dent. For instance, if we take the transformation
|ϕρλ(k)〉 → eiχ(k) |ϕρλ(k)〉 and |ηρλ(k)〉 → eiχ(k) |ηρλ(k)〉,
the biorthonormal relation still holds; in contrast, we
have an additional term i∇kχ (k) in
(−→Aρλ)
LR
.
The Berry curvature has the form(−→B ρλ)
LR
= ∇k ×−→Aρλ
= Bρλ +∇k × [Nρλ(k)]LR , (C31)
where Bρλ = ∇k ×Aρλ. Equation (C31) means that the
Berry curvature of H(k) is complex or real for real or
imaginary ρλ(k). The additional term ∇k × [Nρλ(k)]LR
yields zero integration over the Brillouin zone as we have
shown in the RR case, which means that the Chern num-
bers of H(k) and H(k) are identical
(cρλ)LR =
1
2pi
∮
BZ
(−→B ρλ)
LR
d2k
=
1
2pi
∮
BZ
Bρλd
2k. (C32)
Integral in Eq. (C32) is under the assumption that EPs
are absent in the Brillouin zone, since the biorthonormal
basis does not exist at EPs.
Besides the RR and LR definitions, one can also de-
fine the RL and LL Berry connections and Berry cur-
vatures. For the Hermitian and corresponding non-
Hermitian topological systems we concerned, the RL and
LL Berry connections are
(−→Aρλ)
RL
= i 〈ϕρλ(k)| ∇k |ηρλ(k)〉 = Aρλ −
iγ
ρλ(k)
〈
φ−ρλ (k)
∣∣ i∇k |φρλ(k)〉 , (C33)
(−→Aρλ)
LL
= i 〈ηρλ(k)| ∇k |ηρλ(k)〉 =
 A
ρ
λ +
1
2∇kϑ, real ρλ(k)
Aρλ − ρλ(k)
〈
φ−ρλ (k)
∣∣ i∇k |φρλ(k)〉 / (iγ) , imaginary ρλ(k)
Aρλ, at EPs
, (C34)
and the four definitions of the Chern number are identical for separated bands (i.e., in the absence of EPs) [65].
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D. Details of the 1D comb lattice model
1. Model and energy bands
The non-Hermitian Hamiltonian of the one-
dimensional comb lattice model reads
H = H + iγ
2N∑
j=1
(a†jaj − b†jbj), (D1)
which is generated from the Hermitian Hamiltonian
H =
N∑
j=1
[J (1− δ) a†2jb2j−1 + J (1 + δ) a†2jb2j+1]
+
N∑
j=1
κ−a
†
2j−1b2j−1 +
N∑
j=1
κ+a
†
2jb2j + H.c.,(D2)
under the periodic boundary condition b2N+1 = b1, and
the system parameters are δ = δ0 + R cos θ and κ± =
κ0 ± (1/2)R sin θ (set κ ≡ κ+ − κ− = R sin θ). We refer
to the Hamiltonian with periodic boundary condition as
the bulk Hamiltonian, and the edge Hamiltonian is the
Hamiltonian under open boundary condition. Taking the
Fourier transformation a2ja2j−1b2j−1
b2j
 = 1√
N
∑
k
eikj
 ak,+ak,−bk,+
bk,−
 , (D3)
we obtain
H =
∑
k
α†kH(k)αk, (D4)
H =
∑
k
α†kH(k)αk, (D5)
where α†k =
(
a†k,+, a
†
k,−, b
†
k,+, b
†
k,−
)
, and the 4×4 matrix
H(k) and H(k) has the form
H(k) = H(k) + iγσz ⊗ I2
=
 iγ 0 µk κ+0 iγ κ− 0µ−k κ− −iγ 0
κ+ 0 0 −iγ
 , (D6)
with µk = J (1− δ) + J (1 + δ) eik, km = 2pim/N , (m =
1, 2, ..., N). The eigenstates of H(k) has the form
|φρλ(k)〉 =
1
Ωρλ(k)

ερλ(k)κ−µk
ε−ρλ (k)[ε
ρ
−λ(k)
2 − κ2−]
κ−[ε
ρ
λ(k)
2 − κ2+]
κ+κ−µk
 , (D7)
where Ωρλ(k) =
√
2κ−ε
ρ
λ(k)
−1{[ερλ(k)4 −
(κ+κ−)
2
][ερλ(k)
2 − (κ+)2]}1/2 is the normalization
factor and (ρ, λ = ±). The corresponding eigenvalue is
ερλ(k) = ρ{Υk + λ[Υ2k − (κ+κ−)2]
1
2 } 12 , (D8)
with Υk = (|µk|2 + κ2+ + κ2−)/2.
The energy bands are depicted in Fig. D1 at various γ
as the supplementary of Figs. 2(a) and 2(b) in the main
text.
2. Zak phase
In the condition of κ+ = κ− = κ0 (θ = 0), the eigen-
states of H(k) are
|ϕρλ(k)〉 = Mρλ (k, γ) |φρλ(k)〉 , (D9)
where
|φρλ(k)〉 =
1
Ωρλ(k)

ερλ(k)κ0µk
ε−ρλ (k)[ε
ρ
−λ(k)
2 − κ20]
κ0[ε
ρ
λ(k)
2 − κ20]
κ20µk
 , (D10)
are the eigenstates of H(k), and
Mρλ (k, γ) =
√
2
1 + e2iϑ

eiϑ 0 0 0
0 eiϑ 0 0
0 0 1 0
0 0 0 1
 , (D11)
ϑ = arctan [γ/ρλ (k)] . (D12)
Similarly, the eigenstates of H†(k) are
|ηρλ(k)〉 = [Mρλ (k, γ)]† |φρλ〉 . (D13)
By definition, the Berry connection of the non-
Hermitian system reads
Aρλ = i 〈ηρλ(k)| ∂k |ϕρλ(k)〉 , (D14)
in which, the right and left eigenstates can be written as
|ϕρλ(k)〉 = S (δ)Mρλ (k, γ) |Φρλ(k)〉 , (D15)
|ηρλ(k)〉 = S (δ) [Mρλ (k, γ)]† |Φρλ〉 , (D16)
with
S (δ) =
 µk 0 0 00 1 0 00 0 1 0
0 0 0 µk
 , (D17)
and
|Φρλ(k)〉 =
1
Ωρλ(k)

ερλ(k)κ0
ε−ρλ (k)
[
ερ−λ(k)
2 − κ20
]
κ0
[
ερλ(k)
2 − κ20
]
κ20
 . (D18)
Then the Zak phase Zρλ (δ) =
∫ pi
−pi Aρλdk,
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FIG. D1. Energy bands of the edge Hamiltonian for δ0 = 0 at (a) γ = 0, (b) γ = 1.0, (c) γ = 1.5, (d) γ = 1.8, (e) γ = 2.8, (f)
γ = 3.3 . The real (imaginary) part is in black (red), the blue dots are EPs. Other parameters are J = 1, κ0 = 2, R = 0.6, and
N = 10.
Zρλ (δ) = i
∫ pi
−pi
〈Φρλ(k)|Mρλ (k, γ)S† (δ) ∂k [S (δ)Mρλ (k, γ) |Φρλ(k)〉] dk
= i
∫ pi
−pi
〈Φρλ(k)|Mρλ (k, γ)S† (δ) [∂kS (δ)]Mρλ (k, γ) |Φρλ(k)〉 dk
+i
∫ pi
−pi
〈Φρλ(k)|Mρλ (k, γ)S† (δ)S (δ) ∂k [Mρλ (k, γ) |Φρλ(k)〉] dk. (D19)
We note that |µk (δ)|2 = |µk (−δ)|2 = 4J2
[
cos2 (k/2) + δ2 sin2 (k/2)
]
and ερλ (k, δ) = ε
ρ
λ (k,−δ), then
S† (δ)S (δ) =

|µk (δ)|2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 |µk (δ)|2
 = S† (|δ|)S (|δ|) , (D20)
ερλ (k, δ) = ε
ρ
λ (k, |δ|) , (D21)
which means 〈Φρλ (k)|Mρλ (k, γ)S† (δ)S (δ) ∂k [Mρλ (k, γ) |Φρλ (k)〉] is the function of |δ|, so we have
Zρλ (δ)−Zρλ (−δ) = i
∫ pi
−pi
〈Φρλ|Mρλ (γ)
[
S† (δ) ∂kS (δ)− S† (−δ) ∂kS (−δ)
]
Mρλ (γ) |Φρλ〉 dk. (D22)
Direct derivation shows that
Zρλ (δ)−Zρλ (−δ) = −8δJ2κ20
∫ pi
−pi
ερλ(k)
2e2iϑ + κ20
Ωρλ(k)
2 (1 + e2iϑ)
dk. (D23)
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Furthermore, using eiϑ = [ρλ(k) + iγ] /ε
ρ
λ(k), 
ρ
λ(k) = ρ
√
ερλ(k)
2 − γ2, 1 + e2iϑ = 2eiϑ cosϑ,and tanϑ = γ/ρλ(k),Zρλ (δ)−Zρλ (−δ) is reduced to
Zρλ (δ)−Zρλ (−δ) = −sgn (δ)pi − 2iγρδJ2
∫ pi
−pi
[ερλ(k)]
2√
ερλ(k)
2 − γ2 [ερλ(k)4 − κ40]
dk, (D24)
where the later term is imaginary and non-vanished
for non-Hermitian Hamiltonian; however, for [ερλ(k)]
2 =
[ε−ρλ (k)]
2, the summation 1pi
∑
ρλ [Zρλ (δ)−Zρλ (−δ)] is an
integer [71]. Zak phase is a physical interpretation of the
Chern number, since the adiabatic transport of particle
is regarded as a manifestation of Zak phase.
3. Edge states
The non-Hermitian Hamiltonian under open boundary
condition is the edge Hamiltonian
Hedge = H− J (1 + δ)
(
a†2Nb1 + b
†
1a2N
)
. (D25)
The original Hermitian edge Hamiltonian possesses four
edge states [133], from which we can obtain the corre-
sponding edge states of the non-Hermitian system by us-
ing the mapping method. The four edge states of Hedge
can be expressed as
∣∣ϕ±R〉 = 1√Ω N∑
j=1
ςN−j(e±iϑRa†2j ± b†2j) |vac〉∣∣ϕ±L 〉 = 1√Ω N∑
j=1
ςj−1(e±iϑLa†2j−1 ± b†2j−1) |vac〉
,
(D26)
with eigenenergies ±R = ±
√
(κ+)
2 − γ2
±L = ±
√
(κ−)
2 − γ2
. (D27)
Here ς = (δ−1)/(δ+1), Ω = 2(1−ς2N )/(1−ς2), e±iϑR =
(+R ± iγ)/κ+ and e±iϑL = (+L ± iγ)/κ−.
E. Topological charge pumping
The non-Hermitian comb lattice Hamiltonian under
periodic boundary condition in the real space reads
H (t) =
N∑
j=1
{J [1− δ (t)] a†2jb2j−1 + J [1 + δ (t)] a†2jb2j+1}
+
N∑
j=1
κ− (t) a
†
2j−1b2j−1 +
N∑
j=1
κ+ (t) a
†
2jb2j + H.c.
+iγ
2N∑
j=1
(a†jaj − b†jbj). (E1)
FIG. E1. Particle current jN (t) for the numerical simulations
in Figs. 1(b) and 1(c) of the main text for H (t). Numerical
simulations are performed for (a) topological nontrivial phase
R > |δ0| at δ0 = 0 and (b) topological trivial phase R < |δ0|
at δ0 = 1. The speed of time evolution is ω = 0.001 and the
period is T = 2piω−1. Other parameters are γ = 0.5, J = 1,
R = 0.6, and N = 10. Two quasi-adiabatic processes are
illustrated in the insets.
where δ (t) = δ0 + R cos (ωt) and κ± (t) = κ0 ±
(1/2)R sin (ωt). To examine how the scheme works in
practice, we simulate the quasi-adiabatic process by nu-
merically computing the time evolution for a finite sys-
tem as discussed in the main text. The computation
is performed by using a uniform mesh in the time dis-
cretization for the time-dependent Hamiltonian H (t). In
order to demonstrate a quasi-adiabatic process, we keep
f (t) = |〈η¯m (t) |ϕm (t)〉| → 1 during the whole process
by taking sufficient small ω, where |η¯m (t)〉 is the cor-
responding instantaneous eigenstate of H† (t). Figures
E1(a) and E1(b) depict the simulations of particle cur-
rent for the topological nontrivial and trivial phases, re-
spectively. The corresponding total topological charge
pumping can be seen in Figs. 1(b) and 1(c) in the main
text. We can see that the imaginary parts of the currents
yield zero integration in the interval T , and QN (T ) are
1 or 0. The obtained dynamical quantities are in close
agreement with the Chern number.
The topological charge pumping can also be observed
from the dynamics of edge states in the quasi-adiabatic
process of the lattice under open boundary condition.
The non-Hermitian edge Hamiltonian of the comb lattice
reads
Hedge(t) = H(t)− J [1 + δ(t)](a†2Nb1 + b†1a2N ). (E2)
The biorthonormal current pumped by adiabatically
varying θ (t) across sites aN and bN−1 is defined as
jN (t) = −i〈η (t) |{J [1− δ(t)] a†NbN−1 −H.c.}|ϕ (t)〉.
(E3)
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FIG. E2. Particle current jN (t) and topological charge pumping QN (t) for the edge states of Hedge(t). Numerical simulations
are performed for (a) topological nontrivial phase R > |δ0| at δ0 = 0 and (b) topological trivial phase R < |δ0| at δ0 = 1. The
speed of time evolution is ω = 0.001 and the period is T = 2piω−1. Other parameters are γ = 0.5, J = 1, κ0 = 2, R = 0.6, and
N = 10. Two quasi-adiabatic processes are illustrated in the insets.
To describe the process |ϕ±L 〉 → |ϕ±R〉, the accumulated
Thouless charge pumping passing the dimer aN and bN−1
during the interval t is
QN (t) =
∫ t
0
jN (t
′)dt′. (E4)
Take θ (t) = ωt, R > 0, ω  1, and the initial state
|ϕedge (0)〉 = |ϕ+L 〉. If t varies from 0 to T = 2piω−1, QN
should be 1 [60, 69, 133]. We simulate the quasi-adiabatic
process by numerically computing the time evolution in
a finite system. In principle, for a given initial eigenstate
|ϕedge (0)〉, the evolved state underHedge (t) andH†edge (t)
is
|ϕ (t)〉 = Tt{exp(−i
∫ t
0
Hedge (t′) dt′) |ϕedge (0)〉}, (E5)
and
|η (t)〉 = Tt{exp(−i
∫ t
0
H†edge (t′) dt′) |ηedge (0)〉}, (E6)
where Tt is the time ordering operator and |ηedge (0)〉 is
the edge state for H†edge (0) corresponding to |ϕedge (0)〉.
In low speed limit ω → 0, we have f (t) =
|〈η¯ (t) |ϕ (t)〉| → 1, where |η¯ (t)〉 is the corresponding in-
stantaneous eigenstate of H†edge (t). The bulk-boundary
correspondence is that the topological charge pumping
of an edge state for a loop L in the κ-δ plane equals to
the Chern number. Figures E2(a) and E2(b) depict the
numerical simulations of particle current and topological
charge pumping for the edge states under open boundary
condition for the topological nontrivial and trivial phases
in the interval T , and the topological charge pumping is
1 or 0, respectively.
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